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On automorphisms, epimorphisms and monomorphisms of some groups
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In this short note, we introduce the automorphism group, the epimorphism semi-

group, the monomorphism semigroup and the homomorphism semigroup of a group

Q' X Z™ X Ly X -+ X Loy,

1. %

LEHERELERE B(Q), MHERTEER M (Q) B E DX S R DTH B EENT 5.
FTUAE LT, DK S IFTFIOEEREHRT .

11 - G1
M, (Q) = : : a; € Q
Qg1 " Qgt
Qi € Z}
a1l - Qug
Mt(ana"' 7Z’ns):
Qg1 -+ Qg

WE,

a1y Ean)"' 7a8j€Zns}

Ay € Ml,l(@),Am € Ml,m(@):A13 € ]\"'[l,k(@),
Agy € My (Z), Ay € Mpm(Z), Ass € M 1 (Z),
A31 S Ml(ana Tt 7Z7Lk)7A32 < Mm(an e ;an)yABS € Mk(ana v 7an)
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All AIQ A13
A31 A32 A33
WE, BG=Q' XZ™ X Ly, X -+ X Lp, DILEFINY MV T EEZ, ATH G DIT

THBETHEE,
Az =0, Ay =0, A3 =0, A5 =0
85,
WE, 175

Ay A 0 A € M(Q), Az € My, (Q)
A= 0 Ay O Ay € Mm,m(Z)
0 Az Ass Asy € Myy(Zyyy <+ Ly, ), Ass € My(Zny -+~ L))

BEZ, fa@)=ATWCE>T fr:G— G EEETS L, fu IFHERTIEKS. £,
WIS, G WS ZFNEHENOTEOWEREL fITHUT, f=f4 £%5 LD XS %75
AMN—BMNIFET .

Tbb, b ETHINO¥ERENL FHIc L > T,

A A 0 Ay € My(Q), A € My, (Q)
A= 0 Ayp O Ag € My, (Z)
0 Az Ass Asy € My (Zy, -+ ,an),Ass € My(Zy,, - ,an)

ERTTENTES.
BEG=Q X L™ X Ly X -+ X Ly, OHFVERE, HERHMEFT AR AR TT
FIMEDE S DTHENZLTTRTNL.

2. BREEDEE

G OGHHERT, BEHHERRI R E X Th ETRERTEEL LT, ETEROLES

ZEZD. AREOSHE CHERFILHE H CHRAIIHCORE L 3T 3.

kR LT,
Ay X%+ X L) = E(ZLipyy X -+ X L)) = M(Zpyy x -+ ¥ Zn,)
={A € Mi(Zy,,-- ,Zy,)| (detA',mq x - x my) = 1}
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SEEAODEIRE.

Y, A% Myp(Z) DITEEZS. (detA/yng x -+ xny) =1DEE, g = detA &
95,

axb=1 (modmng X - Xnyg)

ERBDEIBBIMOMNFIET D, Myy(Z) DILTHS B=ax A ' BEZZ L&,

ab 0
Abe( = abF
0 ab

ab=1 (modnyx - xng) = ab=1 (modng), -+, ab=1 (mod ny).

WD ITD. VWE,

BT, A € MiTons, \ Ton) V& My(Lon,s - -+, B, ) OFCRATHIDTFHES 2 KT
DRI, (detA',ny x - x ) =1 THD,

ALy X -+ X Lny)) = By X -+ X L) = M(Zpy X -+ X Ty,
={A € My(Zyp,, - ,Zy,)| (detA'ymy x --- x my) = 1}
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3. EHEERENCOWT

BGC=Q XZ" XLy X+ X Ly, ORFEFEEZ S, VE, GHOENEE
NOHUERTNZ 1Al L5 T,

0 Ay 0 Ay € Mm’m(Z)

A A O Ay € M (Q), Ay € M, . (Q)
A=
0 Asp Asz Aszy € My (Zy, - - Ly, ), Asg € My(Zy,, - N/
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. 0 :
fmesessrborE R, cor | | || L],
0 1
1 0
fA(fl): : y 1T JfA(fl+m+n): 6 &7354:57’351; )fl+m+nEGf‘)\\T?
0 1

K55 eTHB. TTT,

Xll XIQ XIS
X31 X32 X33

X:(fla"'>fl+m+n): <X21 Xoo Xog
E9BE AX=ETHAT L5,

AnXp +ApXog = EF ApnXip+ A1pXn =0 A X3+ A1pXes =0
AgeXo1 =0 ApXop =F AppXo3=0
Az Xo1 + A3 X1 =0 Az Xoo + As3Xso =0 AgpXoz + A Xz = F

BB X, NFIET BT LIk, CHBEORDE,

X1 = Afll Xip = —A1_11A12A2_21 X13=10
Xo1 =0 Xop = Ay Xoz =0
X3 =0 X3y = ~X33A30X02 AgzsXszs =F

BRBDT, Mo T, B TH % b DREAN 5,
d@tAn 7é 0, detAQQ = :tl, (d@tAgg,nl X X ’flk) =1
THD o HGC=Q X L™ XLy X -+ X Ly, DREERBLERE B(G) 13,

All A12 0 detAll # O
E(G) = 0 A22 0 d@tAgz = +1
0 A32 Agg (detAgg, ny X+ X ’}’Lk> =1

4. BGHERANCOWT

RITHEG = QN X L™ X Ly X -+ - X Ly, DHFHERFNCDONTER B, £y HVBLEHE
A TH 2 EDRBETREME kerfa =0THBTENE, G =Q X Z™ X Zy, ¥
o X Ly DTTEIEDNT, [fa(7) = 0% 5IE T =0) EHRB%EMEREZS. VE,



x( % )(fl € Q) € T™, 5y € Ly X -+ X L) EET L,

—

( Angi + Apis =0
Asp@ + AgsTs = 0

Agody = 0 )&6@@6

ThHhUuI I, ThxfE &,
detAu # 0, detAgg 7& 0, (detA33,n1 XX nk) =]

®18%. 5T, G OHSHERTER M(G) 12,

All A12 0 detA11 7£ O
]\{(G) = 0 A22 0 ‘ detA22 7é 0
0 A32 A33 (d@tA33, g X -+ X nk) =1

5. HORENCDNT

BG=Q X L™ X L, X -+ x L,, DEHTFEE AG)1Z, AG) = E(G) N M(G)
X0, bdons

¥

All A12 O d@tAll 7é 0
A(G) == 0 AQQ 0 dBtAgz ==xl1

0 A32 A33 (detA33,n1 X oo X ’)’Lk) =1

6. BEEER T —NIVEHCDNT

FRCl=0D& &, G =7Z™ X Zp, X - X L, \FHIBERT —NIVBED—E D &
ZoTWS. GHOHTBANOHERIZE Z - L & ¥ERERIZRITITHL,

o (An 0\ A€M, (2)
A21 A22 A21 S Mm(an, Tt 7an))A22 € Mk(Z’VLl) Tt )an)



LERT T EHTE, REERELLE B(G), EAMERTLLE M(G), & CFREE A(G)
FEnEN,

B All 0 d@tAn = £l
BG) = {< Axr A ) (detApy,my X -+ xmy) =1 }
A]_]_ 0 d@tAll # 0
M@ = {< An Az ) (detAzg,mn x - X my) = 1

— An 0 detAy; = +1
A(G) - {( A21 AQZ > (detA22,n1 NEEED nk) =1 }

TH5.

7. HOPFIAN & CO-HOPFIAN DWW T

HGOWHEZ2HEAEREE HOA/EICEZ>TWB & &, G 7% hopfian & &
G, Wi 5 B HCERE S HARAIC R >TWB L&, G % co-hopfian & K 5.
LD ENSLTDOT RS,
(1) G=Q' X Z™ X Ly, X -+ X Ly, 1& hopfian TH 3.
(2) G=Q' X Z™ X Zp, X -+ X Ly, D co-hopfian & 723 REF5MEE, m = 0
TH5.
(1) K81, AREAERY —N)LEEE hopfian TH 5.
(2") BRI, BERAER T —~N)VEE G BY co-hopfian & 7% B REH9548:1%, G HETE
B2 TH5.
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8. S DHE

S’IE, X —ROBE G DEHCRRE AQ), MERRRERE H(G), RFYERELERE
B(G), HEHERTIERE M(G) ZFRTOER. BT, Fl2IE, Coxeter BE W IS H
LT, AW), HW), EOW), M(W) %3K& % [FREIZ RZ BB E.

W HVERR Coxeter BECIRBEHZ W = Zy + Zy, DBEIE, W SISEETR DL
Bl TZ LRBAHEREH, EE O W ik Z OBE LEREC co-hopfian & 1&
E57320. Coxeter % (W, S) @ Davis #1& (W, S) OF (121, S(W, S) Ba—2
U REH 257 E) 05, Coxeter BE W O (non-)co-hopfian FEASEA NN,
7% &, Coxeter D hopfian P, co-hopfian FED L SO L Lz,



